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Introduction

T HE purpose of this Note is to establish the relationship between
making a Taylor series expansion and taking a differential for

problems involving ordinary differential equations and algebraic
boundary conditions. Once this has been done, a simple perturbation
problem is used to demonstrate the mechanics of taking differentials.
Then a standard optimal control problem is used to show that the
use of differentials makes it possible to unify the various theories
for finding a relative minimum (parameter optimization, calculus of
variations, and optimal control theory).

The relationship between Taylor series and differentials is known
for algebraic equations.1 However, the process of taking differentials
has not been included in recent engineering mathematics texts.2

Two Notes previously published on this subject3,4 used the ter-
minology of a time-fixed variation and a time-free variation. The
latter is actually the differential of calculus, and the former is the
variation of the calculus of variations.

It was stated in Ref. 5 (p. 6) that there appeared to be analogies
between the differentials of ordinary calculus and variations of the
calculus of variations. It was also stated that, as of 1946, the issue had
not been resolved. In Ref. 6 (1975), it appears that some relationship
was established, but it is not clear or consistent. For example, on
p. 102 the first-order terms are called the first variation and are
supposedly obtained by taking a variation. However, the expression
for the first variation contains differentials that could only have
been obtained if the differential had been taken. Throughout Ref. 6
it is not clear if the first- and second-order terms are obtained by
taking variations (differentials) or are the results from Taylor series
expansions. Reference 7 is an improvement, but it is not completely
consistent. The uniform application of differentials has been one
motivation for writing Ref. 8.

In this Note, the process of taking differentials is reviewed for
algebraic equations. Then the process is discussed for ordinary dif-
ferential equations and is applied to a perturbation problem and an
optimal control problem.
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Taylor Series and Differentials
Consider the equation

y = y(x) (1)

where x is the independent variable and y is the dependent variable.
Consider two points on curve (1): a nominal point x and a neigh-
boring point x∗ = x + dx , where dx is small displacement, assumed
constant. It is desired to express y(x + dx) in terms of y and its
derivatives at x . The Taylor series expansion of y(x + dx) is given
by

y(x + dx) = y(x) + yx (x) dx + 1
2! yxx (x) dx2 + · · · (2)

where the subscript x denotes a derivative with respect to the general
x and the argument x means evaluated at the nominal x .

The differential of the function y(x) is given by dy = yx (x) dx .
The second differential becomes d2 y = yxx dx2 because dx is con-
stant; that is, d(dx) = 0. Hence, each order term of Eq. (2) ex-
cluding the numerical coefficient is the same-order differential of
y(x) evaluated at the nominal point. The total change in y, that is,
�y �= y(x + dx) − y(x), can be rewritten as

�y = dy + 1
2! d2 y + · · · (3)

where

dy = yx (x) dx, d2 y = yxx (x) dx2, . . . (4)

The total change in the dependent variable y has a first-order part
in dx , a second-order part in dx , and so on. The total change in
the independent variable only has a first-order part because dx is
constant (�x = dx).

The conclusion is that the Taylor series can be developed one
term at a time by taking differentials, with the understanding that
the differential of an independent variable is constant (Ref. 7, p. 81).

Differentials: Algebraic Equations
Consider the scalar algebraic equation

ψ(x, y) = 0 (5)

where x is the independent variable and y is the dependent vari-
able. Equation (5) is the implicit form of Eq. (1) and is the form
of a boundary condition to be encountered later. On the curve de-
fined by Eq. (5), consider two neighboring points: the nominal point
x, y and the perturbed point x∗ = x + dx , y∗ = y + �y. It is desired
to express the perturbed point in terms of ψ and its derivatives
at the nominal point. For the perturbed point, dx is constant, and
�y = dy + d2 y/2! + · · ·. Next, ψ(x∗, y∗) is expanded in terms of
dx and �y, which is then written in terms of differentials. This
process leads to

ψ(x∗, y∗) = ψ(x, y) + dψ(x, y) + 1
2! d2ψ(x, y) + · · · = 0 (6)

By neglecting higher order terms, it is seen that dψ(x, y) = 0. Simi-
larly, d2ψ(x, y) = 0, and so on. Hence, the first-order part of Eq. (6)
satisfies the relation

dψ(x, y) �= ψx (x, y) dx + ψy(x, y) dy = 0 (7)
169
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and the second-order part is given by

d2ψ(x, y) �= ψxx (x, y) dx2 + 2ψxy(x, y) dx dy

+ ψyy(x, y) dy2 + ψy(x, y) d2 y = 0 (8)

and so on. Given x , y, and dx , these equations can be solved for dy,
d2 y, and so on in terms of dx to obtain �y.

An example of an algebraic perturbation problem is the solu-
tion of Kepler’s equation E − e sin E − M = 0 for E = E(e, M) for
small eccentricity e. This problem is discussed in Ref. 3, where the
variation δ should be replaced by the differential d.

An example of an algebraic optimization problem is the min-
imization of the scalar performance index J = φ(x) subject to
the equality constraint ψ(x) = 0. There are n variables and p < n
constraints. After the augmented performance index J ′ = φ(x) +
νT ψ(x) is formed (ν is a constant Lagrange multiplier), the condi-
tions for a relative minimum are the following: the first differential
must vanish for an optimal point (dJ ′ = 0) and, if the second differ-
ential is positive (d2 J ′ > 0), the optimum is a minimum.

Differentials: Differential Equations
Consider two neighboring paths (Fig. 1): the nominal path x(t)

and the neighboring or perturbed path x∗(t), which at this point is
assumed to be caused by a perturbation in the initial conditions.
Each path is the solution of the differential equation ẋ = f (t, x).
Two paths are said to be neighboring if, at time t , x∗(t) is close to
x(t), ẋ∗(t) is close to ẋ(t), and so on. This means that

x∗ = x + �̃x, ẋ∗ = ẋ + �̃ẋ (9)

and so on, where �̃ is the total change at constant time. While �̃x is
a small quantity, it has a part δx that is proportional to the first power
of the perturbation that causes �̃x , a part δ2x that is proportional to
the second power of the perturbation, and so on. The same can be
said about �̃ẋ . Hence, �̃x and �̃ẋ can be written as

�̃x = δx + (1/2!)δ2x + · · · , �̃ẋ = δ ẋ + (1/2!)δ2 ẋ + · · ·
(10)

and so on.
Neighboring points lie on neighboring paths and are in the neigh-

borhood of each other. Figure 1 shows neighboring points at the
same time t and neighboring points at different times t∗ and t .

A well-known relation can be derived at this point. Note from
Eqs. (9) that

d

dt
�̃x = �̃ẋ (11)

With Eqs. (10), Eq. (11) becomes, to first order,

d

dt
δx = δ

dx

dt
(12)

which means that the derivative d/dt and the symbol δ interchange.
For a perturbed point that is at a different but neighboring time,

�x = x∗(t∗) − x(t) (13)

�t = t∗ − t (14)

Fig. 1 Neighboring paths and neighboring points.

The changes �x and �t are small, but they have first-order parts,
second-order parts, and so on, and are expressed as

�x = dx + (1/2!) d2x + · · · (15)

�t = dt + (1/2!) d2t + · · · (16)

The time-free change �x is related to the time-fixed change �̃x and
�t as follows:

�x = x∗(t∗) − x(t)

= x∗(t∗) − x∗(t) + x∗(t) − x(t)

= �̃x + x∗(t + �t) − x∗(t)

= �̃x + ẋ∗(t)�t + (1/2!)ẍ∗(t)�t2 + · · ·

= �̃x + (ẋ + �̃ẋ)�t + · · ·
�x = �̃x + ẋ�t + · · · (17)

where ẋ is evaluated on the nominal path. Then, with Eqs. (10),
(15), and (16), the first-order part of the last of Eqs. (17) is given by
the well-known formula

dx = δx + ẋ dt (18)

This result defines the relationship between dx and δx, dt .
Although Eq. (18) is derived for x(t), it could have been derived

for an arbitrary function of time, say A(t); that is,

dA(t) = δA(t) + [dA(t)/dt] dt (19)

Now consider the scalar differential equation

ẋ = f (t, x) (20)

It is desired to express the neighboring path in terms of f and its
derivatives evaluated on the nominal path. Along the neighboring
path,

ẋ∗ = f (t, x∗) (21)

where x∗ is assumed to be caused by a small change in the initial
conditions. Since x∗ = x + �̃x , a Taylor series expansion leads to

0 = d

dt
�̃x − fx (t, x)�̃x + · · · = d

dt
δx − fx (t, x)δx + · · · (22)

Because of Eq. (12), it can be rewritten as

0 = δ ẋ − fx (t, x)δx + · · · (23)

and indicates that the first-order term is the differential of ẋ − f (t, x)
holding the time constant, evaluated on the nominal path. To connect
with the calculus of variations, the time-constant differential is the
variation. Taking the variation of Eq. (20) shows that the first-order
term satisfies the equation

δ ẋ = fx (t, x)δx (24)

so that the differential equation for δx is given by

d

dt
δx = fx (t, x)δx (25)

In summary, the differential equation for the first-order part of the
total change is given by the variation of differential equation (20)
evaluated on the nominal path. The second-order part comes from
the second variation of Eq. (20) evaluated on the nominal path, and
so on.
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Perturbation Problem
In Ref. 4, two perturbation problems are considered. The first is

orbital motion in the equatorial plane of an oblate spheroid Earth.
The small parameter is the flatness of the Earth. The second is the
derivation of the Clohessy–Wiltshire equations, where the perturbed
path is caused by a small perturbation in the initial state. Both of
these problems involve multiple differential equations, but the final
condition is just the given final time. To correct the terminology
with respect to differentials and variations, a simple perturbation
problem is examined here.

An example of a perturbation problem is that of finding the func-
tion x(t) that satisfies the scalar ordinary differential equation and
boundary conditions

ẋ = f (t, x, ε), t0 = t0s , x0 = x0s , ψ(t f , x f ) = 0 (26)

where ε is a small parameter (Fig. 2), f = α(t, x) + εβ(t, x), and
the subscript s denotes a specific value. It is assumed that Eq. (26)
cannot be solved analytically. However, if the zeroth-order equation
(ε = 0)

ẋ = f (t, x, 0) (27)

has an analytical solution, it is possible to obtain an improved analyt-
ical solution for ε �= 0. Note that the symbol x denotes the general
solution of Eq. (26), and it also denotes the solution of Eq. (27)
where ε = 0.

The first-order part of the perturbed path is obtained from the
variation of the differential equation, and the first-order part of the
boundary conditions (algebraic equations) is obtained from the dif-
ferential of the boundary conditions. After interchanging δ and d/dt ,
they are given by

d

dt
δx = fx (t, x, ε)δx + fε(t, x, ε)δε

dt0 = 0, dx0 = 0, ψt f (t f , x f ) dt f + ψx f (t f , x f ) dx f = 0

(28)

and, evaluated on the nominal path (ε = 0), become

d

dt
δx = fx (t, x, 0)δx + fε(t, x, 0)δε

t0 = 0, δx0 = 0, ψt f (t f , x f ) dt f + ψx f (t f , x f ) dx f = 0

(29)

Combined with the equation

dx f = δx f + ẋ f dt f (30)

which is Eq. (16) evaluated at the final point, these equations can be
solved for δx(t), dt f , and dx f for a given δε. The values of dx for
0 < dt < dt f can be obtained from the equation

dx = δx f + ẋ f dt (31)

The equations for the second- and higher-order terms can be ob-
tained from Eqs. (28) in a similar fashion with δε = const; that is,
δ(δε) = 0.

Fig. 2 Perturbation problem.

Optimal Control Problem
A well-known optimal control problem is the following: Find the

control history u(t) that minimizes the performance index

J = φ(t f , x f ) +
∫ t f

t0

L(t, x, u) dt (32)

subject to the differential constraints and boundary conditions

ẋ = f (t, x, u), t0 = t0s , x0 = x0s , ψ(t f , x f ) = 0

(33)

where the state x is an n × 1 vector, and the control u is an m × 1
vector. The quantities φ and L are scalars, and ψ is a p × 1 vector
where 0 < p ≤ n + 1; there must be at least one final condition that
draws the optimal path to the final point. The subscript s denotes a
specific value.

The first step in deriving the optimality conditions is to adjoin the
constraints to the performance index by Lagrange multipliers ν and
λ(t) to form the augmented performance index:

J ′ = G(t f , x f , ν) +
∫ t f

t0

[H(t, x, u, λ) − λT ẋ] dt (34)

The endpoint function G and the Hamiltonian H are defined as

G = φ(t f , x f ) + νT ψ(t f , x f ), H = L(t, x, u) + λT f (t, x, u)

(35)

Next, the value of J ′ along the minimal path (nominal path) is
compared with that along a comparison path (perturbed path), J ′

∗,
by forming the difference (Fig. 3)

�J ′ = J ′
∗ − J ′

= G
(
t f∗ , x∗ f , ν∗

) +
∫ t f∗

t0

[
H(t, x∗, u∗, λ∗) − λT

∗ ẋ∗
]

dt

− G(t f , x f , ν) −
∫ t f

t0

[H(t, x, u, λ) − λT ẋ] dt (36)

For u to be the control that makes J ′ a relative minimum, �J ′ must
be positive regardless of the choice of the comparison path. The
comparison path must satisfy all of constraints (33).

With reference to Fig. 3, the following definitions are introduced:

u∗(t) = u(t) + δu(t)

x∗(t) = x(t) + δx(t) + (1/2!)δ2x(t) + · · ·
λ∗(t) = λ(t) + δλ(t) + (1/2!)δ2λ(t) + · · ·

ν∗ = ν + dν + (1/2!) d2ν + · · ·
t f∗ = t f + dt f + (1/2!) d2t f + · · ·

x∗(t f∗) = x f + dx f + (1/2!) d2x f + · · · (37)

where δ denotes a variation and d is a differential. The comparison
path is caused by δu, meaning that δu is fixed [δ(δu) = 0] and so
it only has a first-order part. If these relations are substituted into

Fig. 3 Comparison control and path.
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Eq. (36) and a Taylor series expansion is performed, the first-order
part of �J ′ is given by

�J ′ = Gt f dt f + Gx f dx f + Gν dν + [(H − λT ẋ) dt]
t f
t0

+
∫ t f

t0

(
Hxδx + Huδu + Hλδλ − δλT ẋ − λT δ ẋ

)
dt + · · ·

(38)

The coefficients of the differentials and variations are evaluated on
the minimal path, and so the coefficients of dν and δλ are zero.

Now, the first three terms are the differential of G evaluated on the
minimal path. The next two terms are the differential of the integral
(Leibnitz’s rule) evaluated on the minimal path. As a consequence,

�J ′ = dJ ′ + (1/2!) d2 J ′ + · · · (39)

where dJ ′ is the differential of J ′ evaluated on the minimal path
and d2 J ′ is the second differential of J ′ evaluated on the minimal
path.

For a relative minimum, �J ′ must be positive regardless of the
choice of the comparison path. Hence, the general conditions for
a minimal control are that the first differential must vanish for an
optimal control, that is,

dJ ′ = 0 (40)

and if the second differential is positive, that is,

d2 J ′ > 0 (41)

the optimal control is a minimum.
Note that these are also the conditions for the parameter optimiza-

tion problem. Because they can be extended to problems involving
multiple integrals, the use of differentials unifies the various opti-
mization theories.

In practice, it has become the convention to call Eqs. (40) and
(41) the first and second variations, but the correct terminology is
first and second differentials. However, the time-fixed differential is
the variation of the calculus of variations.

Conclusions
The purpose of this Note has been to discuss the relationship be-

tween making a Taylor series expansion and taking differentials
for problems involving ordinary differential equations and alge-
braic boundary conditions. Two such problems are the perturbation

problem and the optimal control problem. In the perturbation prob-
lem, the differential equation involves a small parameter and/or a
perturbation in the boundary conditions. In the optimal control prob-
lem, the differential equation has a control variable. In both prob-
lems, use is made of neighboring paths (nominal path and perturbed
path) to derive the governing equations. In general, the perturbed
path is expressed in terms of small changes from the nominal path,
and the equations for the perturbed path are expanded in a Taylor se-
ries to obtain the first-order equations, the second-order equations,
and so on. In this Note, it is shown that the Taylor series can be made
by taking differentials of the problem equations and evaluating them
on the nominal path. A perturbation problem and an optimal con-
trol problem have been used to demonstrate the process of taking
differentials.

The use of differentials makes it possible to unify the various
optimization theories: parameter optimization, optimal control the-
ory, and calculus of variations. After the constraints are adjoined to
the performance index with Lagrange multipliers to form the aug-
mented performance index, the necessary conditions and the suffi-
cient conditions for a relative minimum are obtained by applying
the following general conditions: The first differential of the aug-
mented performance index must vanish for an optimum and, if the
second differential is positive, the optimum is a minimum. This is
the case if the unknown is a point, a curve, a surface, and so on.

The relationship between the differential and the variation has
also been established. The variation is a differential taken while
holding the variable of integration (time here) constant.
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